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Abstract
In this work we study the Plancherel–Rotach type asymptotics for Stieltjes–Wigert, q-Laguerre and
Ismail–Masson orthogonal polynomials with complex scalings. The main terms of the asymptotics for
Stieltjes–Wigert and q-Laguerre polynomials (Ismail–Masson polynomials) contain Ramanujan function
Aq(z) for scaling parameters above the vertical line (s) = 2 ((w) = 12 ); the main terms of the asymptot-
ics involve theta function for scaling parameters in the vertical strip 0 < (s) < 2 (0 < (w) < 12 ). When
scaling parameters in the vertical strips, the number theoretical properties of scaling parameters completely
determine the orders of the error terms. These asymptotic formulas may provide some insights to new
random matrix models and also add a new link between special functions and number theory.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
The Plancherel–Rotach type asymptotics for classical orthogonal polynomials are essential
to obtain universality results in random matrix theory. The associated random matrix models
for q-orthogonal polynomials are still unknown today. It might be interesting to calculate the
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related random matrix models.
In [7,8] we studied Plancherel–Rotach type asymptotics for three families of q-orthogonal
polynomials with real logarithmic scalings. They are Ismail–Masson polynomials {hn(x|q)}∞n=0,
Stieltjes–Wigert polynomials {Sn(x;q)}∞n=0 and q-Laguerre polynomials {L(α)n (x;q)}∞n=0. They
are orthogonal polynomials associated with indeterminant moment problems. The asymptotics
reveal a remarkable pattern which is quite different to the pattern associated with the classical
Plancherel–Rotach asymptotics [2,3,6,10]. The main term of asymptotics may contain Ramanu-
jan function Aq(z) or theta function according to the value of the scaling parameter.
In this paper, we study the Plancherel–Rotach type asymptotics for Stieltjes–Wigert, q-
Laguerre and Ismail–Masson orthogonal polynomials under complex scalings. We also have
explicit error bounds for the asymptotic formulas. When the scaling parameter is in certain ver-
tical strip on the complex plane, the order of error term is completely determined by the number
theoretical property of the scaling parameter.
We list some facts from q-series and number theory in Section 2. In Section 3, we present
the asymptotic formulas for Stieltjes–Wigert, q-Laguerre and Ismail–Masson orthogonal poly-
nomials under complex scalings. We use a discrete analogue of Laplace method to derive these
formulas for q-Laguerre polynomials in Section 4. The proofs for Stieltjes–Wigert and Ismail–
Masson orthogonal polynomials are very similar and we will skip them in the presentation.
Through out this paper, we shall always assume that 0 < q < 1 unless otherwise stated. All
the log and power functions are taken as their respective principle branches.
2. Preliminaries
2.1. q-series
In this paper we follow the usual notations for q-series, [1,4,6,9]
(a;q)0 := 1, (a;q)n :=
n∏
k=0
(
1 − aqk), (1)
and n = ∞ is allowed in the above definitions. Ramanujan function Aq(z) is defined as [6]
Aq(z) :=
∞∑
k=0
qk
2
(q;q)k (−z)
k. (2)
The theta functions, [1,4,6,11]
θ3(z;q) =
∞∑
k=−∞
qk
2
zk, (3)
θ4(z;q) =
∞∑
k=−∞
(−1)kqk2zk, (4)
are clearly defined for any complex number z = 0. The theta functions satisfy Jacobi triple prod-
uct identities:
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(
q2,−qz,−q/z;q2)∞, (5)
θ4(z;q) =
(
q2, qz, q/z;q2)∞. (6)
Stieltjes–Wigert orthogonal polynomials {Sn(x;q)}∞n=0 are defined as [1,4,6,9]
Sn(x;q) =
n∑
k=0
qk
2
(−x)k
(q;q)k(q;q)n−k . (7)
Let
s = τ + 2 + i 2θπ
logq
, τ, θ ∈ R, (8)
and
xn(z, s) = zq−ns, (9)
then reverse the summation order of (7) to get
Sn(xn(z, s);q)
(−z)nqn2(1−s) =
n∑
k=0
qk
2
e2nkθπi
(q;q)k(q;q)n−k
(
−q
τn
z
)k
. (10)
The q-Laguerre orthogonal polynomials {L(α)n (x;q)}∞n=0 are defined as [1,4,6,9]
L(α)n (x;q) =
n∑
k=0
qk
2+αk(−x)k
(q;q)k(q;q)n−k
(qα+1;q)n
(qα+1;q)k , (11)
for α > −1. Reverse the summation order to get
L
(α)
n (xn(z, s);q)
(−zqα)nqn2(1−s) =
n∑
k=0
qk
2
e2nkθπi
(q;q)k(q;q)n−k
(qα+1;q)n
(qα+1;q)n−k
(
− q
τn
zqα
)k
. (12)
Ismail–Masson polynomials {hn(x|q)}∞n=0 are defined as [6]
hn(sinh ξ |q) =
n∑
k=0
(−1)k(q;q)nqk(k−n)e(n−2k)ξ
(q;q)k(q;q)n−k . (13)
Let
w = 1 + μ
2
+ i νπ
logq
, μ, ν ∈ R, (14)
and
sinh ξn = q
−nwz − qnwz−1 (15)2
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hn(sinh ξn|q)
znq−n2w
=
n∑
k=0
(q;q)nqk2e2nkνπi
(q;q)k(q;q)n−k
(
−q
μn
z2
)k
. (16)
For any real number x, then,
x = x + {x}, (17)
where {x} ∈ [0,1) is the fractional part of x and x ∈ Z is the greatest integer less or equal x.
The arithmetic function
χ(n) = 2
{
n
2
}
= n − 2
⌊
n
2
⌋
, (18)
which is the principal character modulo 2. We also make uses of the trivial inequality
∣∣ez − 1∣∣ |z|e|z| (19)
for any z ∈ C. The following lemma is from [8].
Lemma 2.1. Given any n ∈ N, if a > 0,
(a;q)∞
(a;q)n =
(
aqn;q)∞ = 1 + R1(a;n) (20)
with
∣∣R1(a;n)∣∣ (−aq
2;q)∞aqn
1 − q , (21)
while for 0 < aq < 1,
(a;q)n
(a;q)∞ =
1
(aqn;q)∞ = 1 + R2(a;n) (22)
with
∣∣R2(a;n)∣∣ aq
n
(1 − q)(aq;q)∞ . (23)
2.2. Generalized irrational measure
For an irrational number θ , Chebyshev’s theorem in number theory implies that for any real
number β there exist infinitely many pairs of integers n and m with n > 0 such that [5]
nθ = m + β + an with |an| 3
n
. (24)
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measure ω(θ1, . . . , θN |β1, . . . , βN) of θ1, . . . , θN associated with β1, . . . , βN is defined as the
least upper bound of the set of real numbers r such that there exist infinitely many integers n and
m1, . . . ,mN with n > 0 such that
|nθj − βj − mj | < 1
nr−1
(25)
for j = 1, . . . ,N .
Theorem 2.3. Let θ be an irrational number, then for any real number β , its generalized irra-
tional measure associated with β is ω(θ |β) 2.
Proof. This is a direct consequence of the Chebyshev’s theorem. 
The irrationality measure (or Liouville–Roth constant) m(θ) of a real number θ is defined as
the least upper bound of the set of real numbers r such that [12]
0 < |nθ − m| < 1
nr−1
(26)
is satisfied by an infinite number of integer pairs (n,m) with n > 0. It is clear that we have
ω(θ |0) = m(θ). (27)
A real algebraic number θ of degree  if it is a root of an irreducible polynomial of degree  with
integer coefficients. Liouville’s theorem in number theory says that for a real algebraic number θ
of degree , there exists a positive constant K(θ) such that for any integer m and n > 0 we have
|nθ − m| > K(θ)
n−1
. (28)
A Liouville number is a real number θ such that for any positive integer  there exist infinitely
many integers n and m with n > 1 such that [12]
0 < |nθ − m| < 1
n−1
. (29)
Even though the set of all Liouville numbers is of Lebesgue measure zero, it is known that almost
all real numbers are Liouville numbers topologically.
Theorem 2.4. The generalized irrational measure ω(θ |β) has the following properties:
(1) For any real algebraic number θ of degree , one has ω(θ |0) ;
(2) For a Liouville number θ , one has ω(θ |0) = ∞.
Proof. The first assertion follows from Definition 2.2 and (28) while the last assertion follows
directly from the definitions of the generalized irrational measure and the Liouville numbers. 
It is clear that one has ω(θ |0) = 2 for any quadratic irrational θ such as √2.
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Given a real number θ , we define
S(θ) = {{nθ}: n ∈ N}. (30)
The set S(θ) ⊂ [0,1) is finite for θ ∈ Q. As a consequence of the Chebyshev’s theorem, it is a
dense subset of (0,1) for θ /∈ Q.
Theorem 3.1. Given any nonzero complex number z, let s and xn(z, s) be defined as in (8)
and (9), we have the following results for Stieltjes–Wigert polynomials:
(1) When τ > 0, we have
Sn(xn(z, s);q)(q;q)∞
(−z)nqn2(1−s) = 1 + rsw(n|1) (31)
with
∣∣rsw(n|1)∣∣ q
1+τnAq(−q2|z|−1)
(1 − q)|z| . (32)
(2) When τ = 0 and θ is a rational number. For any λ ∈ S(θ), there are infinitely many pair of
integers n and m with n > 0 such that
nθ = m + λ, λ = {nθ}. (33)
For each of such integers n and m,
Sn(xn(z, s);q)(q;q)∞
(−z)nqn2(1−s) = Aq
(
e2λπi
z
)
+ rsw(n|2) (34)
and
∣∣rsw(n|2)∣∣ 2(−q
3;q)∞Aq(−|z|−1)
(q;q)∞
{
qn/2 + q
n2/4
|z|n/2
}
(35)
for n sufficiently large.
(3) When τ = 0 and θ is an irrational number. Given any real number β ∈ [0,1) and ρ with
0 < ρ < ω(θ |β) − 1, (36)
there are infinitely many pair of integers n and m with n > 0 such that
nθ = m + β + bn, |bn| 1 . (37)
nρ
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Sn(xn(z, s);q)
(−z)nqn2(1−s) = Aq
(
e2πiβ
z
)
+ esw(n|3) (38)
with
∣∣esw(n|3)∣∣ 25(−q
3;q)∞Aq(−|z|−1)
(q;q)∞
{
log2 n
nρ
+ q
j2n
|z|jn
}
(39)
for n is sufficiently large, where
jn =
⌊
q4 log2 n
1 + logq−1
⌋
. (40)
(4) When −2 < τ < 0 and both τ and θ are rational. Assume that for some λ ∈ S(−τ) and some
λ1 ∈ S(θ), there are infinite number of positive integers n such that
−nτ = m + λ, m = −τn, λ = {−τn}, (41)
and
nθ = m1 + λ1, λ1 = {nθ}. (42)
Then for each such n, m and m1 we have
Sn
(
xn(z, s);q
)= (−z)nqn
2(1−s)+m/2(τn+m/2)
(q;q)2∞(−ze−2nθπi)m/2
× {θ4(zqχ(m)+λe−2πiλ1;q)+ rsw(n|4)} (43)
with
∣∣rsw(n|4)∣∣ 6(−q
3;q)2∞θ3(|z|qχ(m)+λ;q)
(1 − q)2
×
{
qkn + |z|knqk2n+(χ(m)+λ)kn + q
k2n−(χ(m)+λ)kn
|z|kn
}
(44)
for n sufficiently large, where
kn = min
{⌊
(2 + τ)n
8
⌋
,
⌊−τn
8
⌋}
. (45)
(5) When −2 < τ < 0, τ is rational and θ is irrational. Given a real number β ∈ [0,1) and ρ
with
0 < ρ < ω(θ |β) − 1, (46)
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nθ = m1 + β + bn, |bn| 1
nρ
, (47)
and
−nτ = m + λ, m = −nτ. (48)
For each such n, m and m1 we have
Sn
(
xn(z, s);q
)= (−z)nqn
2(1−s)+m/2(τn+m/2)
(q;q)2∞(−ze−2nθπi)m/2
× {θ4(zqχ(m)+λe−2βπi;q)+ rsw(n|5)} (49)
with
∣∣rsw(n|5)∣∣ 54(−q
3;q)2∞θ3(|z|qχ(m)+λ;q)
(1 − q)2
×
{
|z|jnqj2n+(χ(m)+λ)jn + q
j2n−(χ(m)+λ)jn
|z|jn +
log2 n
nρ
}
(50)
for n sufficiently large, where jn is defined in (40).
(6) When −2 < τ < 0, τ is irrational and θ is rational. Given a real number β ∈ [0,1) and ρ
with
0 < ρ < ω(−τ |β) − 1, (51)
there are some λ ∈ S(θ) and infinitely many positive integers n with
−nτ = m + β + an, |an| 1
nρ
, (52)
and
nθ = m1 + λ, λ = {nθ}. (53)
For each such n, m and m1 we have
Sn
(
xn(z, s);q
)= (−z)nqn
2(1−s)+m/2(τn+m/2)
(q;q)2∞(−ze−2nθπi)m/2
× {θ4(zqχ(m)+βe−2λπi;q)+ rsw(n|6)} (54)
with
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3;q)2∞θ3(|z|qχ(m)+β;q)
(1 − q)2
×
{
|z|jnqj2n+(χ(m)+β)jn + q
j2n−(χ(m)+β)jn
|z|jn +
log2 n
nρ
}
(55)
for n sufficiently large, where jn is defined in (40).
(7) When −2 < τ < 0, both τ and θ are irrational. Assume that there exist two real numbers
β1, β2 ∈ [0,1) with ω(−τ, θ |β1, β2) > 1. Then for any
0 < ρ < ω(−τ, θ |β1, β2) − 1 (56)
there are infinitely many positive integers n such that
−τn = m + β1 + an, |an| < 1
nρ
, (57)
and
nθ = m1 + β2 + bn, |bn| < 1
nρ
. (58)
For each such n, m and m1 we have
Sn
(
xn(z, s);q
)= (−z)nqn
2(1−s)+m/2(τn+m/2)
(q;q)2∞(−ze−2nθπi)m/2
× {θ4(zqχ(m)+β1e−2β2πi;q)+ rsw(n|7)} (59)
with
∣∣rsw(n|7)∣∣ 108(−q
3;q)2∞θ3(|z|qχ(m)+β1;q)
(1 − q)2
×
{
|z|jnqj2n+(χ(m)+β1)jn + q
j2n−(χ(m)+β1)jn
|z|jn +
log2 n
nρ
}
(60)
for n sufficiently large, where jn is defined in (40).
For q-Laguerre polynomials we have following results:
Theorem 3.2. Assume that α > −1, given any nonzero complex number z, let s and xn(z, s) be
defined as in (8) and (9), we have the following results for q-Laguerre polynomials:
(1) When τ > 0, we have
L
(α)
n (xn(z, s);q)(q;q)∞
α n n2(1−s) = 1 + rql(n|1) (61)(−zq ) q
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∣∣rql(n|1)∣∣ q
1−α+τnAq(−q2−α|z|−1)
(1 − q)|z| . (62)
(2) When τ = 0 and θ is a rational number. For any λ ∈ S(θ), there are infinitely many pair of
integers n and m with n > 0 such that
nθ = m + λ, λ = {nθ}. (63)
For each of such integers,
L
(α)
n (xn(z, s);q)(q;q)∞
(−zqα)nqn2(1−s) = Aq
(
e2λπi
zqα
)
+ rql(n|2) (64)
with
∣∣rql(n|2)∣∣ 7(−q
2;q)2∞Aq(−|z|−1q−α)
(1 − q)3(q;q)∞
{
qn/2 + q
n2/4
(|z|qα)n/2
}
(65)
for n is sufficiently large.
(3) When τ = 0 and θ is an irrational number. Given any real number β ∈ [0,1) and ρ with
0 < ρ < ω(θ |β) − 1, (66)
there are infinitely many pair of integers n and m with n > 0 such that
nθ = m + β + bn, |bn| 1
nρ
. (67)
Then for each of such integers n and m,
L
(α)
n (xn(z, s);q)(q;q)∞
(−zqα)nqn2(1−s) = Aq
(
e2πiβ
zqα
)
+ eql(n|3) (68)
with
∣∣eql(n|3)∣∣ 31(−q
2;q)2∞Aq(−|z|−1q−α)
(1 − q)3(q;q)∞
{
log2 n
nρ
+ q
j2n
(|z|qα)jn
}
(69)
for n is sufficiently large, where jn is defined in (40).
(4) When −2 < τ < 0 and both τ and θ are rational. Assume that for some λ ∈ S(−τ) and some
λ1 ∈ S(θ), there are infinite number of positive integers n such that
−nτ = m + λ, m = −τn, λ = {−τn}, (70)
and
nθ = m1 + λ1, λ1 = {nθ}. (71)
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L(α)n
(
xn(z, s);q
)= (−zqα)nqn
2(1−s)+m/2(τn+m/2)
(q;q)2∞(−zqαe−2nθπi)m/2
× {θ4(zqχ(m)+λ+αe−2πiλ1;q)+ rql(n|4)} (72)
with
∣∣rql(n|4)∣∣ 30(−q
2;q)3∞θ3(|z|qχ(m)+λ+α;q)
(1 − q)4(q;q)∞
×
{
qkn + |z|knqk2n+(χ(m)+λ+α)kn + q
k2n−(χ(m)+λ+α)kn
|z|kn
}
(73)
for n sufficiently large, where kn is defined in (45).
(5) When −2 < τ < 0, τ is rational and θ is irrational. Given a real number β ∈ [0,1) and ρ
with
0 < ρ < ω(θ |β) − 1, (74)
there are some λ ∈ S(−τ) and infinitely many positive integers n with
nθ = m1 + β + bn, |bn| 1
nρ
, (75)
and
−nτ = m + λ, m = −nτ, λ = {−nτ }. (76)
For each such n, m and m1 we have
L(α)n
(
xn(z, s);q
)= (−zqα)nqn
2(1−s)+m/2(τn+m/2)
(q;q)2∞(−zqαe−2nθπi)m/2
×{θ4(zqχ(m)+λ+αe−2βπi;q)+ rql(n|5)} (77)
with
∣∣rql(n|5)∣∣ 78(−q
2;q)3∞θ3(|z|qχ(m)+λ+α;q)
(1 − q)4(q;q)∞
×
{
|z|jnqj2n+(χ(m)+λ+α)jn + q
j2n−(χ(m)+λ+α)jn
|z|jn +
log2 n
nρ
}
(78)
for n sufficiently large, where jn is defined in (40).
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with
0 < ρ < ω(−τ |β) − 1, (79)
there are some λ ∈ S(θ) and infinitely many positive integers n with
−nτ = m + β + an, |an| 1
nρ
, (80)
and
nθ = m1 + λ, λ = {nθ}. (81)
For each such n, m and m1 we have
L(α)n
(
xn(z, s);q
)= (−zqα)nqn
2(1−s)+m/2(τn+m/2)
(q;q)2∞(−zqαe−2nθπi)m/2
× {θ4(zqχ(m)+α+βe−2λπi;q)+ rql(n|6)} (82)
with
∣∣rql(n|6)∣∣ 78(−q
2;q)3∞θ3(|z|qχ(m)+α+β;q)
(1 − q)4(q;q)∞
×
{
|z|jnqj2n+(χ(m)+α+β)jn + q
j2n−(χ(m)+α+β)jn
|z|jn +
log2 n
nρ
}
(83)
for n sufficiently large, where jn is defined in (40).
(7) When −2 < τ < 0, both τ and θ are irrational. Assume that there exist two real numbers
β1, β2 ∈ [0,1) with ω(−τ, θ |β1, β2) > 1. Then for any
0 < ρ < ω(−τ, θ |β1, β2) − 1 (84)
there are infinitely many positive integers n such that
−τn = m + β1 + an, |an| < 1
nρ
, (85)
and
nθ = m1 + β2 + bn, |bn| < 1
nρ
. (86)
For each such n, m and m1 we have
L(α)n
(
xn(z, s);q
)= (−zqα)nqn
2(1−s)+m/2(τn+m/2)
(q;q)2∞(−zqαe−2nθπi)m/2
× {θ4(zqχ(m)+α+β1e−2β2πi;q)+ rql(n|7)} (87)
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∣∣rql(n|7)∣∣ 156(−q
2;q)3∞θ3(|z|qχ(m)+α+β1;q)
(1 − q)4(q;q)∞
×
{
|z|jnqj2n+(χ(m)+α+β1)jn + q
j2n−(χ(m)+α+β1)jn
|z|jn +
log2 n
nρ
}
(88)
for n sufficiently large, where jn is defined in (40).
With the scaling defined in (14) and (15). Similar results hold for the Ismail–Masson orthog-
onal polynomials:
Theorem 3.3. Given any nonzero complex number z, let w and ξn be defined as in (14) and (15),
we have the following results for Ismail–Masson polynomials:
(1) When μ > 0, we have
hn(sinh ξn|q)
znq−n2w
= 1 + rim(n|1) (89)
with
∣∣rim(n|1)∣∣ q
1+μnAq(−q2|z|−2)
(1 − q)|z|2 . (90)
(2) When μ = 0 and ν is a rational number. For any λ ∈ S(ν), there are infinitely many pair of
integers n and m with n > 0 such that
nν = m + λ, λ = {nν}. (91)
For each of such integers,
hn(sinh ξn|q)
znq−n2/2e−n2νπi
= Aq
(
e2λπi
z2
)
+ rim(n|2) (92)
and
∣∣rim(n|2)∣∣ 3(−q
3;q)∞Aq(−|z|−2)
(1 − q)(q;q)∞
{
qn/2 + q
n2/4
|z|2n/2
}
(93)
for n is sufficiently large.
(3) When μ = 0 and ν is an irrational number. Given any real number β and a real number ρ
with
0 < ρ < ω(ν|β) − 1, (94)
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nν = m + β + bn, |bn| 1
nρ
. (95)
Then for each of such integers n and m we have
hn(sinh ξn|q)
znq−n2/2e−n2νπi
= Aq
(
e2πiβ
z2
)
+ eim(n|3) (96)
with
∣∣eim(n|3)∣∣ 27(−q
3;q)∞Aq(−|z|−2)
(1 − q)(q;q)∞
{
log2 n
nρ
+ q
j2n
|z|2jn
}
(97)
for n is sufficiently large, where jn is defined in (40).
(4) When −1 < μ < 0 and both μ and ν are rational. Assume that for some λ ∈ S(−μ) and
some λ1 ∈ S(ν), there are infinite number of positive integers n such that
−nμ = m + λ, m = −μn, λ = {−μn}, (98)
and
nν = m1 + λ1, λ1 = {nν}. (99)
Then for each such n, m and m1 we have
hn(sinh ξn|q) = z
nq−n2w+m/2(μn+m/2)
(q;q)∞(−z2e−2πiλ1)m/2
× {θ4(z2qχ(m)+λe−2πiλ1;q)+ rim(n|4)} (100)
with
∣∣rim(n|4)∣∣ 14(−q
3;q)2∞θ3(|z|2qχ(m)+λ;q)
(1 − q)2(q;q)∞
×
{
qn + q2n+(χ(m)+λ)n |z|2n + q
2n−(χ(m)+λ)n
|z|2n
}
(101)
and
n = min
{⌊
(1 + μ)n
4
⌋
,
⌊−μn
4
⌋}
(102)
for n sufficiently large.
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with
0 < ρ < ω(ν|β) − 1, (103)
there are some λ ∈ S(−μ) and infinitely many positive integers n with
nν = m1 + β + bn, |bn| 1
nρ
, (104)
and
−nμ = m + λ, m = −nμ. (105)
For each such n, m and m1 we have
hn(sinh ξn|q) = z
nq−n2w+m/2(μn+m/2)
(−z2e−2nνπi)m/2(q;q)∞
× {θ4(z2qχ(m)+λe−2βπi;q)+ rim(n|5)} (106)
with
∣∣rim(n|5)∣∣ 62(−q
3;q)2∞θ3(|z|2qχ(m)+λ;q)
(1 − q)2(q;q)∞
×
{
|z|2jnqj2n+(χ(m)+λ)jn + q
j2n−(χ(m)+λ)jn
|z|2jn +
log2 n
nρ
}
(107)
for n sufficiently large, where jn is defined in (40).
(6) When −1 < μ < 0, μ is irrational and ν is rational. Given a real number β ∈ [0,1) and ρ
with
0 < ρ < ω(−μ|β) − 1, (108)
there are some λ ∈ S(ν) and infinitely many positive integers n with
−nμ = m + β + an, |an| 1
nρ
, (109)
and
nν = m1 + λ, λ = {nν}. (110)
For each such n, m and m1 we have
hn(sinh ξn|q) = z
nq−n2w+m/2(μn+m/2)
(−z2e−2nνπi)m/2(q;q)∞
× {θ4(z2qχ(m)+βe−2λπi;q)+ rim(n|6)} (111)
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∣∣rim(n|6)∣∣ 62(−q
3;q)2∞θ3(|z|2qχ(m)+β;q)
(1 − q)2(q;q)∞
×
{
|z|2jnqj2n+(χ(m)+β)jn + q
j2n−(χ(m)+β)jn
|z|2jn +
log2 n
nρ
}
(112)
for n sufficiently large, where jn is defined in (40).
(7) When −1 < μ < 0, both μ and ν are irrational. Assume that there exist two real numbers
β1, β2 ∈ [0,1) with ω(−μ,ν|β1, β2) > 1. Then for any
0 < ρ < ω(−μ,ν|β1, β2) − 1 (113)
there are infinitely many positive integers n such that
−μn = m + β1 + an, |an| < 1
nρ
, (114)
and
nν = m1 + β2 + bn, |bn| < 1
nρ
. (115)
For each such n, m and m1 we have
hn(sinh ξn|q) = z
nq−n2w+m/2(μn+m/2)
(−z2e−2nνπi)m/2(q;q)∞
× {θ4(z2qχ(m)+β1e−2β2πi;q)+ rim(n|7)} (116)
with
∣∣rim(n|7)∣∣ 124(−q
3;q)2∞θ3(|z|2qχ(m)+β1;q)
(1 − q)2(q;q)∞
×
{
|z|2jnqj2n+(χ(m)+β1)jn + q
j2n−(χ(m)+β1)jn
|z|2jn +
log2 n
nρ
}
(117)
for n sufficiently large, where jn is defined in (40).
Remark 3.4. In the cases of Stieltjes–Wigert or q-Laguerre polynomials, if only one of numbers
τ or θ , say τ , is irrational, then we could take the corresponding β = 0. If τ is an algebraic
number of degree , then the order of the error term is no better than O(n1−). However, if this
number is a Liouville number, the order of the error term is better than any O(n−k). It is also
clear that the scaling (8) and (9) with τ  −2 will not give us anything interesting. We have
similar remarks for the Ismail–Masson polynomials.
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We only present the proof for q-Laguerre polynomials in detail. The proofs for Ismail–Masson
and Stieltjes–Wigert polynomials are similar and we will not repeat them here.
It is clear that
0 <
(q;q)∞
(q;q)n−k
(qα+1;q)n
(qα+1;q)n−k  1 (118)
for 0 k  n. For any positive integer νn  n2 , we have
∣∣∣∣ (q;q)∞(q;q)n−k
(qα+1;q)n
(qα+1;q)n−k − 1
∣∣∣∣ 7(−q
2;q)2∞qn/2
(1 − q)3(q;q)∞ (119)
for 0 k  νn − 1 and α > −1. This can be seen by expanding
(q;q)∞
(q;q)n−k
(qα+1;q)n
(qα+1;q)n−k − 1 =
{
R1(q;n − k) + 1
}{
R2
(
qα+1;n)+ 1}
× {R1(qα+1;n − k)+ 1}− 1 (120)
and apply Lemma 2.1 to each of the terms.
Assume that
−τn = m + cn, 0 cn < 1, 0 < m = −τn, (121)
and
nθ = m1 + dn, 0 dn < 1, m1 = nθ. (122)
Then
L
(α)
n (xn(z, s);q)
(−zqα)nqn2(1−s) =
n∑
k=0
qk
2
e2nkθπi
(q;q)k(q;q)n−k
(qα+1;q)n
(qα+1;q)n−k
(
− q
τn
zqα
)k
=
m/2∑
k=0
qk
2
e2nkθπi
(q;q)k(q;q)n−k
(qα+1;q)n
(qα+1;q)n−k
(
− q
τn
zqα
)k
+
n∑
k=m/2+1
qk
2
e2nkθπi
(q;q)k(q;q)n−k
(qα+1;q)n
(qα+1;q)n−k
(
− q
τn
zqα
)k
= s1 + s2. (123)
We reverse the summation order in s1 to obtain
s1(q;q)2∞(−zqαe−2nθπi)m/2
qm/2(τn+m/2)
=
m/2∑
qk
2(−zqαqχ(m)+cne−2πidn)ke(k, n) (124)k=0
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e(k,n) = (q;q)
2∞(qα+1;q)n
(q;q)m/2−k(q;q)n−m/2+k(qα+1;q)n−m/2+k . (125)
For α > −1, it is clear that ∣∣e(k,n)∣∣ 1 (126)
for 0 k  m2 . Expand
e(k,n) − 1 = {R2(qα+1;n)+ 1}
{
R1
(
q;
⌊
m
2
⌋
− k
)
+ 1
}{
R1
(
q;n −
⌊
m
2
⌋
+ k
)
+ 1
}
×
{
R1
(
qα+1;n −
⌊
m
2
⌋
+ k
)
+ 1
}
− 1 (127)
and apply Lemma 2.1 to each term to obtain
∣∣e(k,n) − 1∣∣ 15(−q2;q)3∞qνn+1
(1 − q)4(q;q)∞ (128)
for 0 k  νn − 1 and for positive integer νn  m2 .
In sum s2 we shift summation index from k to k + m2 ,
s2(q;q)2∞(−zqαe−2nθπi)m/2
qm/2(τn+m/2)
=
n−m/2∑
k=1
qk
2(−z−1q−αq−χ(m)−cne2πidn)kf (k,n) (129)
with
f (k,n) = (q;q)
2∞(qα+1;q)n
(q;q)m/2+k(q;q)n−m/2−k(qα+1;q)n−m/2−k (130)
for 1 k  n − m2 . Hence ∣∣f (k,n)∣∣ 1 (131)
for 1 k  n − m2 . Expand
f (k,n) − 1 = {R2(qα+1;n)+ 1}
{
R1
(
q;
⌊
m
2
⌋
+ k
)
+ 1
}{
R1
(
q;n −
⌊
m
2
⌋
− k
)
+ 1
}
×
{
R1
(
qα+1;n −
⌊
m
2
⌋
− k
)
+ 1
}
− 1 (132)
and apply Lemma 2.1 to each term we get
∣∣f (k,n) − 1∣∣ 15(−q2;q)3∞qνn+1
(1 − q)4(q;q)∞ (133)
for 1 k  νn − 1 and for positive integer 1 < νn  n − m.2
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If we write
L
(α)
n (xn(z, s);q)(q;q)∞
(−zqα)nqn2(1−s) = 1 + rql(n|1), (134)
then
rql(n|1) =
n∑
k=1
qk
2
e2nkθπi
(q;q)k
(qα+1;q)n(q;q)∞
(qα+1;q)n−k(q;q)n−k
(
− q
τn
zqα
)k
. (135)
Thus
∣∣rql(n|1)∣∣
n∑
k=1
qk
2
(q;q)k
(qα+1;q)n(q;q)∞
(qα+1;q)n−k(q;q)n−k
(
qτn
|z|qα
)k

n∑
k=1
qk
2
(q;q)k
(
qτn
|z|qα
)k

∞∑
k=1
qk
2
(q;q)k
(
qτn
|z|qα
)k
 q
1−α+τnAq(−q2−α|z|−1)
(1 − q)|z| . (136)
4.2. Proof for the case τ = 0 and θ rational
We have
L
(α)
n (xn(z, s);q)(q;q)∞
(−zqα)nqn2(1−s) =
n∑
k=0
qk
2
(q;q)k
(qα+1;q)n(q;q)∞
(qα+1;q)n−k(q;q)n−k
(
−e
2λπi
zqα
)k
=
∞∑
k=0
qk
2
(q;q)k
(
−e
2λπi
zqα
)k
−
∞∑
k=n/2
qk
2
(q;q)k
(
−e
2λπi
zqα
)k
+
n/2−1∑
k=0
qk
2
(q;q)k
(
−e
2λπi
zqα
)k{
(qα+1;q)n(q;q)∞
(qα+1;q)n−k(q;q)n−k − 1
}
+
n∑
k=n/2
qk
2
(q;q)k
(
−e
2λπi
zqα
)k
(qα+1;q)n(q;q)∞
(qα+1;q)n−k(q;q)n−k
= Aq
(
e2λπi
zqα
)
+ s21 + s22 + s23. (137)
Then
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∞∑
k=n/2
qk
2
(q;q)k
(
1
|z|qα
)k
 2q
n2/4Aq(−|z|−1q−α)
(q;q)∞(|z|qα)n/2 , (138)
and
|s22| 7(−q
2;q)2∞Aq(−|z|−1q−α)qn/2
(1 − q)3(q;q)∞ . (139)
Therefore
L
(α)
n (xn(z, s);q)(q;q)∞
(−zqα)nqn2(1−s) = Aq
(
e2λπi
zqα
)
+ rql(n|2) (140)
with
rql(n|2) = s21 + s22 + s23 (141)
and
∣∣rql(n|2)∣∣ 7(−q
2;q)2∞Aq(−|z|−1q−α)
(1 − q)3(q;q)∞
×
{
qn/2 + q
n2/4
(|z|qα)n/2
}
. (142)
4.3. Proof for the case τ = 0 and θ irrational
We have
L
(α)
n (xn(z, s);q)(q;q)∞
(−zqα)nqn2(1−s) =
n∑
k=0
qk
2
e2πikbn
(q;q)k
(
−e
2πiβ
zqα
)k
(qα+1;q)n(q;q)∞
(qα+1;q)n−k(q;q)n−k
=
∞∑
k=0
qk
2
(q;q)k
(
−e
2πiβ
zqα
)k
−
∞∑
k=jn
qk
2
(q;q)k
(
−e
2πiβ
zqα
)k
+
jn−1∑
k=0
qk
2
(q;q)k
(
−e
2πiβ
zqα
)k{
(qα+1;q)n(q;q)∞
(qα+1;q)n−k(q;q)n−k − 1
}
+
jn−1∑ qk2
(q;q)k
(
−e
2πiβ
zqα
)k
(qα+1;q)n(q;q)∞
(qα+1;q)n−k(q;q)n−k
{
e2πikbn − 1}k=0
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n∑
k=jn
qk
2
e2πikbn
(q;q)k
(
−e
2πiβ
zqα
)k
(qα+1;q)n(q;q)∞
(qα+1;q)n−k(q;q)n−k
= Aq
(
e2πiβ
zqα
)
+ s31 + s32 + s33 + s34. (143)
Then
|s31 + s34| 2
∞∑
k=jn
qk
2 |z|−k
(q;q)kqkα 
2Aq(−|z|−1q−α)qj2n
(q;q)∞(|z|qα)jn . (144)
For n sufficiently large,
jn <
nρ
8
, qjn <
jn
nρ
(145)
for ρ > 0, thus,
|s32| 7(−q
2;q)2∞Aq(−|z|−1q−α)
(1 − q)3(q;q)∞
log2 n
nρ
, (146)
∣∣e2πikbn − 1∣∣ 2πjn
nρ
e2πjn/n
ρ  24 log
2 n
nρ
, (147)
and
|s33| 24Aq(−|z|
−1q−α) log2 n
nρ
. (148)
Let
eql(n|3) = s31 + s32 + s33 + s34, (149)
then
L
(α)
n (xn(z, s);q)(q;q)∞
(−zqα)nqn2(1−s) = Aq
(
e2πiβ
zqα
)
+ eql(n|3) (150)
with
∣∣eql(n|3)∣∣ 31(−q
2;q)2∞Aq(−|z|−1q−α)
(1 − q)3(q;q)∞
{
log2 n
nρ
+ q
j2n
(|z|qα)jn
}
(151)
for n sufficiently large.
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We get
s1(−zqαe−2nθπi)m/2(q;q)2∞
qm/2(τn+m/2)
=
∞∑
k=0
qk
2(−zqαqχ(m)+λe−2πiλ1)k −
∞∑
k=kn
qk
2(−zqαqχ(m)+λe−2πiλ1)k
+
kn−1∑
k=0
qk
2(−zqαqχ(m)+λe−2πiλ1)k(e(k,n) − 1)
+
m/2∑
k=kn
qk
2(−zqαqχ(m)+λe−2πiλ1)ke(k, n)
=
∞∑
k=0
qk
2(−zqαqχ(m)+λe−2πiλ1)k + s411 + s412 + s413. (152)
Then
|s411 + s413| 2
∞∑
k=kn
qk
2(|z|qχ(m)+λ+α)k
 2
(|z|qχ(m)+λ+α)knqk2n
∞∑
k=0
qk
2(|z|qχ(m)+λ+α)k
 2θ3
(|z|qχ(m)+λ+α;q)(|z|qχ(m)+λ+α)knqk2n (153)
and
|s412| 15(−q
2;q)3∞qkn
(1 − q)4(q;q)∞
∞∑
k=0
qk
2(|z|qχ(m)+λ+α)k
 15(−q
2;q)3∞θ3(|z|qχ(m)+λ+α;q)qkn
(1 − q)4(q;q)∞ . (154)
Let
r41(n) = s411 + s412 + s413, (155)
then
s1(q;q)2∞(−zqαe−2nθπi)m/2
qm/2(τn+m/2)
=
∞∑
qk
2(−zqχ(m)+λ+αe−2πiλ1)k + r41(n), (156)k=0
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2;q)3∞θ3(|z|qχ(m)+λ+α;q)
(1 − q)4(q;q)∞
× {(|z|qχ(m)+λ+α)knqk2n + qkn}. (157)
Similarly, we obtain
s2(−zqαe−2nθπi)m/2(q;q)2∞
qm/2(τn+m/2)
=
∞∑
k=1
qk
2(−z−1q−χ(m)−λ−αe2πiλ1)k −
∞∑
k=kn
qk
2(−z−1q−χ(m)−λ−αe2πiλ1)k
+
kn−1∑
k=1
qk
2(−z−1q−χ(m)−λ−αe2πiλ1)k(f (k,n) − 1)
+
n−m/2∑
k=kn
qk
2(−z−1q−χ(m)−λ−αe2πiλ1)kf (k,n)
=
−∞∑
k=−1
qk
2(−zqχ(m)+λ+αe−2πiλ1)k + s421 + s422 + s423, (158)
then
|s421 + s423| 2
∞∑
k=kn
qk
2(|z|−1q−χ(m)−λ−α)k
 2q
k2n
∑∞
k=0 qk
2 |z|−kq−(χ(m)+λ+α)k
|z|knq(χ(m)+λ+α)kn
 2q
k2nθ3(|z|qχ(m)+λ+α;q)
(|z|qχ(m)+λ+α)kn (159)
for n sufficiently large. For the sum s422 we have
|s422| 15(−q
2;q)3∞qkn
(1 − q)4(q;q)∞
∞∑
k=1
qk
2 |z|−kq−(χ(m)+λ+α)k
 15(−q
2;q)3∞θ3(|z|qχ(m)+λ+α;q)qkn
(1 − q)4(q;q)∞ . (160)
Hence
s2(−zqαe−2nθπi)m/2(q;q)2∞
qm/2(τn+m/2)
=
−∞∑
qk
2(−zqχ(m)+λ+αe−2πiλ1)k + r42(n) (161)k=−1
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r42(n) = s421 + s422 + s423 (162)
and
∣∣r42(n)∣∣ 15(−q
2;q)3∞θ3(|z|qχ(m)+λ+α;q)
(1 − q)4(q;q)∞
×
{
qkn + q
k2n
(|z|qχ(m)+λ+α)kn
}
. (163)
Thus
(−zqαe−2nθπi)m/2L(α)n (xn(z, s);q)(q;q)2∞
(−zqα)nqn2(1−s)+m/2(τn+m/2) = θ4
(
zqχ(m)+λ+αe−2πiλ1;q)+ rql(n|4)
(164)
with
∣∣rql(n|4)∣∣ 30(−q
2;q)3∞θ3(|z|qχ(m)+λ+α;q)
(1 − q)4(q;q)∞
×
{
qkn + (|z|qχ(m)+λ+α)knqk2n + qk
2
n
(|z|qχ(m)+λ+α)kn
}
(165)
for n sufficiently large.
4.5. Proof for the case of −2 < τ < 0 rational and θ irrational
For any ρ > 0
2 < jn < min
{
(−τ)n
8
,
(2 + τ)n
8
,
nρ
8
}
(166)
and
qjn <
jn
nρ
(167)
for sufficiently large n. Therefore,
s1(q;q)2∞(−zqαe−2nθπi)m/2
qm/2(τn+m/2)
=
m/2∑
qk
2(−zqχ(m)+λ+αe−2πiβ)ke−2kπibne(k, n)k=0
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∞∑
k=0
qk
2(−zqχ(m)+λ+αe−2πiβ)k −
∞∑
k=jn
qk
2(−zqχ(m)+λ+αe−2πiβ)k
+
jn−1∑
k=0
qk
2(−zqχ(m)+λ+αe−2πiβ)k{e−2kπibn − 1}
+
jn−1∑
k=0
qk
2(−zqχ(m)+λ+αe−2πiβ)ke−2kπibn{e(k,n) − 1}
+
m/2∑
k=jn
qk
2(−zqχ(m)+λ+αe−2πiβ)ke−2kπibne(k, n)
=
∞∑
k=0
qk
2(−zqχ(m)+λ+αe−2πiβ)k + s511 + s512 + s513 + s514, (168)
then
|s511 + s514| 2
∞∑
k=jn
qk
2(|z|qχ(m)+λ+α)k
 2
(|z|qχ(m)+λ+α)jnqj2n
∞∑
k=0
qk
2(|z|qχ(m)+λ+α)k
 2θ3
(|z|qχ(m)+λ+α;q)(|z|qχ(m)+λ+α)jnqj2n . (169)
For sufficiently large n,
|s512| 24jn
nρ
∞∑
k=0
qk
2(|z|qχ(m)+λ+α)k  24θ3(|z|qχ(m)+λ+α;q) log2 n
nρ
, (170)
and
|s513| 15(−q
2;q)3∞qjn
(1 − q)4(q;q)∞
∞∑
k=0
qk
2(|z|qχ(m)+λ+α)k
 15(−q
2;q)3∞θ3(|z|qχ(m)+λ+α;q)
(1 − q)4(q;q)∞
log2 n
nρ
. (171)
Hence,
s1(q;q)2∞(−zqαe−2nθπi)m/2
qm/2(τn+m/2)
=
∞∑
qk
2(−zqχ(m)+λ+αe−2πiβ)k + r51(n) (172)k=0
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r51(n) = s511 + s512 + s513 + s514 (173)
and
∣∣r51(n)∣∣ 39(−q
2;q)3∞θ3(|z|qχ(m)+λ+α;q)
(1 − q)4(q;q)∞
×
{(|z|qχ(m)+λ+α)jnqj2n + log2 n
nρ
}
(174)
for n sufficiently large.
Similarly, we obtain
s2(q;q)2∞(−zqαe−2nθπi)m/2
qm/2(τn+m/2)
=
n−m/2∑
k=1
qk
2(−z−1q−χ(m)−λ−αe2βπi)ke2kπibnf (k,n)
=
∞∑
k=1
qk
2(−z−1q−χ(m)−λ−αe2βπi)k −
∞∑
k=jn
qk
2(−z−1q−χ(m)−λ−αe2βπi)k
+
jn−1∑
k=1
qk
2(−z−1q−χ(m)−λ−αe2βπi)k{e2kπibn − 1}
+
jn−1∑
k=1
qk
2(−z−1q−χ(m)−λ−αe2βπi)ke2kπibn{f (k,n) − 1}
+
n−m/2∑
k=jn
qk
2(−z−1q−χ(m)−λ−αe2βπi)ke2kπibnf (k,n)
=
−∞∑
k=−1
qk
2(−zqχ(m)+λ+αe−2βπi)k + s521 + s522 + s523 + s524, (175)
then
|s521 + s524| 2
∞∑
k=jn
qk
2(|z|−1q−χ(m)−λ−α)k
 2
(|z|qχ(m)+λ+α)−jnqj2n
∞∑
k=0
qk
2(|z|−1q−χ(m)−λ−α)k
 2θ3(|z|q
χ(m)+λ+α;q)qj2n
χ(m)+λ+α jn (176)(|z|q )
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|s522| 24jn
nρ
∞∑
k=0
qk
2(|z|−1q−χ(m)−λ−α)k  24θ3(|z|qχ(m)+λ+α;q) log2 n
nρ
(177)
and
|s523| 15(−q
2;q)3∞qjn
(1 − q)4(q;q)∞
∞∑
k=0
qk
2(|z|−1q−χ(m)−λ−α)k
 15(−q
2;q)3∞θ3(|z|qχ(m)+λ+α;q)
(1 − q)4(q;q)∞
log2 n
nρ
(178)
for n sufficiently large. Therefore
s2(q;q)2∞(−zqαe−2nθπi)m/2
qm/2(τn+m/2)
=
−∞∑
k=−1
qk
2(−zqχ(m)+λ+αe−2βπi)k + r52(n) (179)
with
r52(n) = s521 + s522 + s523 + s524 (180)
and
∣∣r52(n)∣∣ 39(−q
2;q)3∞θ3(|z|qχ(m)+λ+α;q)
(1 − q)4(q;q)∞
×
{
qj
2
n
(|z|qχ(m)+λ+α)jn +
log2 n
nρ
}
(181)
for n sufficiently large. Thus,
(−zqαe−2nθπi)m/2L(α)n (xn(z, s);q)(q;q)2∞
(−zqα)nqn2(1−s)+m/2(τn+m/2) = θ4
(
zqχ(m)+λ+αe−2βπi;q)+ rql(n|5)
(182)
with
rql(n|5) = r51(n) + r52(n) (183)
and
∣∣rql(n|5)∣∣ 78(−q
2;q)3∞θ3(|z|qχ(m)+λ+α;q)
(1 − q)4(q;q)∞
×
{(|z|qχ(m)+λ+α)jnqj2n + qj
2
n
(|z|qχ(m)+λ+α)jn +
log2 n
nρ
}
(184)
for n sufficiently large.
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This proof is very similar to the proof for τ rational and θ irrational case. We just observe that
s1(q;q)2∞(−zqαe−2nθπi)m/2
qm/2(τn+m/2)
=
m/2∑
k=0
qk
2(−zqχ(m)+β+αe−2πiλ)kqkane(k, n)
=
∞∑
k=0
qk
2(−zqχ(m)+β+αe−2πiλ)k −
∞∑
k=jn
qk
2(−zqχ(m)+β+αe−2πiλ)k
+
jn−1∑
k=0
qk
2(−zqχ(m)+β+αe−2πiλ)k{qkan − 1}
+
jn−1∑
k=0
qk
2(−zqχ(m)+β+αe−2πiλ)kqkan{e(k,n) − 1}
+
m/2∑
k=jn
qk
2(−zqχ(m)+β+αe−2πiλ)kqkane(k, n), (185)
and
s2(q;q)2∞(−zqαe−2nθπi)m/2
qm/2(τn+m/2)
=
n−m/2∑
k=1
qk
2(−z−1q−χ(m)−β−αe2λπi)kq−kanf (k,n)
=
−∞∑
k=−1
qk
2(−zqχ(m)+β+αe−2πiλ)k −
∞∑
k=jn
qk
2(−z−1q−χ(m)−β−αe2λπi)k
+
jn−1∑
k=1
qk
2(−z−1q−χ(m)−β−αe2λπi)k{q−kan − 1}
+
jn−1∑
k=1
qk
2(−z−1q−χ(m)−β−αe2λπi)kq−kan{f (k,n) − 1}
+
n−m/2∑
k=jn
qk
2(−z−1q−χ(m)−β−αe2λπi)kq−kanf (k,n). (186)
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In this case we have
s1(q;q)2∞(−zqαe−2nθπi)m/2
qm/2(τn+m/2)
=
m/2∑
k=0
qk
2(−zqχ(m)+β1+αe−2πiβ2)ke−2kπibnqkane(k, n)
=
∞∑
k=0
qk
2(−zqχ(m)+β1+αe−2πiβ2)k −
∞∑
k=jn
qk
2(−zqχ(m)+β1+αe−2πiβ2)k
+
jn−1∑
k=0
qk
2(−zqχ(m)+β1+αe−2πiβ2)k{qkan − 1}
+
jn−1∑
k=0
qk
2(−zqχ(m)+β1+αe−2πiβ2)k{e−2kπibn − 1}qkan
+
jn−1∑
k=0
qk
2(−zqχ(m)+β1+αe−2πiβ2)ke−2kπibnqkan{e(k,n) − 1}
+
m/2∑
k=jn
qk
2(−zqχ(m)+β1+αe−2πiβ2)ke−2kπibnqkane(k, n), (187)
and
s2(q;q)2∞(−zqαe−2nθπi)m/2
qm/2(τn+m/2)
=
n−m/2∑
k=1
qk
2(−z−1q−χ(m)−β1−αe2β2πi)ke2kπibnq−kanf (k,n)
=
−∞∑
k=−1
qk
2(−zqχ(m)+β1+αe−2β2πi)k −
∞∑
k=jn
qk
2(−z−1q−χ(m)−β1−αe2β2πi)k
+
jn−1∑
k=1
qk
2(−z−1q−χ(m)−β1−αe2β2πi)k{e2kπibn − 1}
+
jn−1∑
qk
2(−z−1q−χ(m)−β1−αe2β2πi)ke2kπibn{q−kan − 1}k=1
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jn−1∑
k=1
qk
2(−z−1q−χ(m)−β1−αe2β2πi)ke2kπibnq−kan{f (k,n) − 1}
+
n−m/2∑
k=jn
qk
2(−z−1q−χ(m)−β1−αe2β2πi)ke2kπibnq−kanf (k,n). (188)
To finish the proof, we have to estimate the sums above, but they are very similar to what we
have done in the other cases, we will not repeat the details here.
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